We investigate magnetic ordering and the quantum anomalous Hall effect (QAHE) in Crdoped topological insulators (TIs) using systematic first-principles calculations, explaining the mechanism responsible for ferromagnetic order and the reason why Sb 2 Te 3 is a better QAHE host than Bi 2 Se 3 or Bi 2 Te 3 . We conclude that these magnetic topological insulators have relatively long-range exchange interactions within quintuple layers, and weak interactions between quintuple layers. Our analyses for the spin splitting of the topological surface states suggest that the temperature at which the QAHE occurs in these materials can be significantly enhanced by Mo-Cr co-doping.
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The demonstration of a robust quantum anomalous Hall effect (QAHE) in magnetically doped topological insulators (TIs), has attracted great interest [1] [2] [3] . Bi 2 Se 3 (BS), Bi 2 Te 3 (BT), and Sb 2 Te 3 (ST) are prototypical three-dimensional TIs with sizeable topologically nontrivial bulk band gaps produced by a combination of band inversion and strong spin-orbit coupling (SOC). These materials provide a potential platform for fundamental studies demonstrating novel phenomena thought to be associated with topological bands, including magnetic monopoles [4] , axion dynamics [5] , and Majorana fermions [6] . The protected topological surfaces states (TSSs) of TIs have strong spinmomentum locking [7] and manifest a robust QAHE when the TIs are magnetized by magnetic dopants [1, 8, 9] . One puzzling issue in this regard is that the QAHE has so far been observed only at extremely low temperatures, e.g., below ≈ 30 mK in Cr-or V-doped (Bi,Sb) 2 Te 3 (BST) [2, 3, [10] [11] [12] . Extensive effort has been dedicated to enhancing the magnetic ordering among dopants [13, 14] and hence the T c of magnetic TIs [15, 16] .
Nevertheless, it appears that the characteristic temperature for the realization of the QAHE is not greatly improved, and that the QAHE is sometimes absent even in samples that show clear hysteresis loops. To address the challenge of achieving a QAHE at a reasonably high temperature, it is crucial to disentangle the factors that play in governing the magnetic order and topological properties of these materials.
In previous work no consensus has been reached regarding the ordering mechanism of magnetic dopants in TIs. Taking Cr-doped TIs as an example, it was found that although BS, BT, and ST are very similar in many respects, Cr atoms produce clear ferromagnetic (FM) order in BT and ST, whereas they do not yield a clear hysteresis loop in BS [17] [18] [19] [20] [21] . It is however established that when it occurs magnetic ordering in TI is rather independent of carrier density [21] . Recently, superparamagnetic ordering between magnetic domains has 3 also been observed in Cr-doped TIs, through transport measurements [10] and scanning magnetic images [23] . These observations cannot be satisfactorily explained either by normal van Vleck type ferromagnetism [1] or by a Ruderman-Kittel-Kasuya-Yosida (RKKY) type exchange mechanism [20, 22] . It is therefore imperative to address the ordering mechanism, particularly the influence of the TSSs that are often thought to play a role in magnetic TIs.
In this Letter, we examine the electronic structure of Cr-doped TIs with a variety of different structural and magnetic configurations, using first-principles density-functional theory (DFT) calculations. The dependences of TSS properties and magnetic ordering on the change of doping concentration, the arrangement of dopants, and the strength of SOC are carefully examined. Our study explains the magnetic ordering mechanism and answers other questions that have been puzzling, e.g., 1) Why does Cr-doped BS have no long-range ferromagnetism? 2) Why is a small amount of Bi needed for the observation of the QAHE in Cr-doped ST? Furthermore, we suggest a pragmatic way to realize the QAHE at a higher temperature, namely by using Mo co-doping.
Our DFT calculations use the projected augmented plane-wave method [24, 25] as implemented in the Vienna ab initio simulation package (VASP) [26] . The generalized gradient approximation is used for the DFT exchange-correlation potential [27] , along with the van der Waals corrections [28] . SOC is included in the self-consistency loops. The energy cutoff for the plane-wave-basis expansion is chosen to be 300 eV. Surface calculations are performed using 5 quintuple-layer (QL) slabs separated by ~15 Å of vacuum, and bulk simulations are done with a supercell containing 240 atoms. We employ a 4×4×1 k-point grid to sample the Brillouin zone and the convergence is carefully examined (Fig. S1 [29] ). The positions of all atoms are fully relaxed until total energies are converged to better than 0.1 meV per formula unit. We consider only Cr atoms substituted on the energetically favored Sb 4 (or Bi) sites as shown in Fig. S2 [29, 30] . In call cases, the substituted Cr atoms have a stable +3 oxidation state with three occupied t 2g orbitals contributing a 3 μ B local magnetic moment over a reasonable range of Hubbard-U (Fig. S3 [29] ). We note that the experimental magnetic moment of BS is less than 70% of the complete spinpolarization value, suggesting that some exchange interactions are AFM [31] . These results suggest, in agreement with experimental observations, [18, 19, 31] that the total exchange energy of Cr dopants in BT and ST is likely to be minimized when all spins are parallel, whereas the ground magnetic configuration of BS is likely to be more complicated and more sensitive to the spatial distribution of Cr dopants. Regarding the ordering mechanism in ST, our most important observation is that the FM order survives when SOC is turned off, as illustrated Fig. S5 [29] . The magnetic order of Cr-doped ST is not governed by a van Vleck type mechanism that relies on nontrivial band topology (ST is a trivial insulator when SOC is neglected.) [1] . Since ST remains insulating as long as the concentration of Cr atoms is less than ~10 %, as displayed in Figs. 1(b) and S6 [29] , the FM ordering of Cr-doped ST is not due to bulk RKKY interactions either. Equally surprising, our model calculations for two Cr dopants in a 5-QL ST film indicate that the magnetic moments and the exchange energies change only weakly when we move the two Cr dopants from the surface QL to the interior region (Fig. S7 [29] ), even though the TSSs have substantially different weights in these QLs, demonstrating that surface states do not have an important role. According to our DFT calculations, the ordering mechanism is instead related to the spatial segregation of Cr dopants on Sb sites, and to contributions to the charge polarizability of the Sb 2 Te 3 lattice from orbitals far from the topological gap. This mechanism is easiest to understand in the limit in which SOC is neglected so that the charge and spinsusceptibilities of the host crystal are identical. When the interactions between Cr local moments and itinerant orbitals are treated perturbatively, the dependence of energy on Cr spin-orientation is proportional to the cation sublattice spin-response function. In diluted moment systems, robust order depends on response that is insensitive to the spatial distribution of magnetic dopants, and therefore related in the perturbative limit to q=0 response functions. In insulators, the total charge (and in the absence of SOC also the total spin) response function vanishes at q=0. Sublattice-projected response function need not vanish however. Fig. 2 (a) shows that the spin density response to Cr substitution on an Sb site polarizes the p-electron bonding network and strongly favors parallel alignment of Cr spins. The exchange interaction is not strongly affected by SOC [ Fig. 2(b) ]. The small amplitude of the averaged spin density in other QLs away from the one with Cr dopant in Fig.   2 coupling among Cr atoms. The mechanism is similar in part to that responsible for the ferromagnetism of sublattice-segregated hydrogen local moments in graphene [33] .
Aside from the ferromagnetic ordering of Cr dopants in these TIs, two other prerequisites for the observation of QAHE are that (1) the bulk TI retains its insulating nature in the presence of Cr dopants; and (2) the TSS is magnetized and has a gap. To this end, we investigate changes in the band structures of the three TIs, particularly changes of their band gaps, as we increase the concentration of Cr dopants [34] . The results in Fig. 1(c) show that BS and BT become metallic by 6% Cr doping whereas ST has a gap until ~10% Cr doping.
This implies that, even disregarding the issue of weak FM ordering in BS, the QAHE is unlikely to be observed in Cr-doped BS and BT because bulk conduction overwhelms TSS conduction. Cr-doped ST appears to be the only candidate for the realization of QAHE among the three TIs and hence our slab calculations focus on this material. For these calculations Cr dopants are distributed in the outermost QL of ST where the TSSs have the largest weight [35] to maximize their influence on the TSSs. The band structure of a 5-QL Sb 2 Te 3 slab exhibits a small band gap (E g,TSS~1 0 meV) at the Γ point due to intersurface hybridization. When 2.2%
of Sb atoms are replaced by Cr, the TSSs become magnetized and the gap closes [ Fig. 3(a) ]. [36] reconfirm that Cr-doped ST has chiral 1D conduction channels on its sidewalls, as shown in Fig. S8 [29] . We find, in agreement with experiment [2, [10] [11] [12] , that introduction of Bi atoms into Sb expedites the transition to a QAH state. Due to the similarity between Bi and Sb in electronic configuration, Bi doping up to 11% does not dramatically change in electronic structure of ST around the Fermi level, as shown in Fig. 3(b) .
Nevertheless, when both Bi and Cr are dispersed into ST, the transition to a QAH state has already occurred at 2.2% Cr doping [ Fig. 3(b) ] and the TSS gaps tend to be larger.
To reveal the effect of SOC of cations in TI on band inversion in Cr-doped (4.4%) Sb 2 Te 3 , we vary the SOC strength of each atom from 0 to 1.2 times its native value and trace the 2D bands of the slab geometry near the Γ point [ Fig. 3(e) ]. We find that the variation of Fig. 4(b) ]. This suggests a new possibility of the realizing QAHE at a higher temperature. We note that, even in the dilute doping regime, the inverted band gap is enhanced from 14 meV (4.4% Cr) [ Fig. 3(a) ] to 57 meV (2.2% each) (Fig. S11 [29]). Therefore, even a small amount of Mo doping can allow the quantized Hall conductivity to be observed more easily. We also tested other transition metals as co-dopants but found that they either become nonmagnetic or mess up the bands of TSSs near the Fermi level ( Fig. S12 [29] ). It is worthwhile to point out that we only need to introduce magnetic impurities in the surface region of TI for the realization of QAHE. Therefore, the technical difficulty for incorporating Mo that has a high melting point can be circumvented by using surface doping techniques such as ion implementation.
In summary, we studied magnetic ordering mechanism and the QAHE in Cr-doped TIs through systematic DFT calculations. We conclude that the mechanism of magnetic order involves the entire p-bonding network, making it relatively insensitive to details of electronic structure near the Fermi level, including the presence or absence of spin-orbit coupling and 
